A homogeneous part of the Seiberg-Witten gauge equivalence relation for gauge fields can lead to solutions that involve matter fields in such a way that the gauge equivalence and the dimensional and index structures are preserved. In particular, we consider scalar fields coupled to U(1) gauge fields. The matter fields appear non-linearly in the map.
Introduction
Field theories on noncommutative (NC) Moyal space has many interesting properties. One important aspect is the Seiberg-Witten map. In such spaces even aÛ(1) gauge theory becomes a non-Abelian theory. Although theÛ (1) and the other gauge groups defined on these spaces are fundamentally different from ordinary gauge groups, it turns out that we can map the ordinary gauge fields A µ to noncommutative gauge fieldsÂ µ and the map is commonly called Seiberg-Witten (SW) map [1] . Since this mapping is done in a way that preserves the gauge equivalence in both ordinary and noncommutative cases, the map is not unique and there are ambiguities in the relation between A µ andÂ µ [2] . Such freedom in the SW-map turns out be necessary in the process of renormalization [3] .
Another important property is concerned with the emergent gravity phenomenon which is established using the SW-map. The noncommutative spaces can arise from the union of Heisenberg's uncertainty principle with Einstein's theory of classical gravity [4] and there are efforts to work out the inverse problem of whether the noncommutative theories induced by Moyal product in flat spacetime possesses any signature of gravity. An important step along this direction was taken in [5] where it was shown that translations along noncommutative directions are equivalent to gauge transformations-a property similar to the one in general relativity where local translations are gauge transformations associated with general coordinate transformations. The next step was taken in [6] which established at the first order in the noncommutative parameter θ that theÛ(1) gauge theory in NC Minkowski spacetime, after SW-mapping, is the same as the ordinary gauge theory coupled to gravitational background and that the emergent gravitational field is generated by ordinary gauge fields.
The notion of emergent gravity has been extensively studied in the NC scenario and in other contexts [7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20] . Recently, it was shown in [16] that the ambiguity terms in the Seiberg-Witten map change the emerging metric in the emergent gravity scenario and that a real NC scalar field is mapped to an ordinary scalar density field which is coupled non-minimally to the emerging gravity. It was also shown that in such cases the conformal coupling is strictly not allowed. This is in deep contrast to other metric theories of gravity in which the non-minimal coupling of scalar field of nongravitational origin has conformal coupling to gravity because of the Einstein equivalence principle [21, 22, 23, 24, 25, 26] .
In this paper, we show that in addition to the ambiguities in the SW-map reported so far [2, 27] , there are further ambiguities in the map which can arise in the presence of matter fields. We also show that the inclusion of these novel ambiguities in the context of emergent gravity restores the possibility of conformal coupling of scalar density field which is coupled non-minimally to the emerging gravitational field.
The paper is organized as follows. In Section 2, we briefly review the ideas of SeibergWitten map for the gauge and matter fields and the ambiguities in them. We show in Section 3 that the presence of matter fields can lead to further ambiguities in the map and that the NC gauge field in general can also depend on ordinary matter fields. The implications of these ambiguities to emergent gravity is discussed in Section 4. We close with concluding remarks in Section 5.
Ambiguities in Seiberg-Witten map
The noncommutative gauge transformations are defined as
One difference between the ordinary and noncommutative gauge theory is that the products of functions are replaced by the Moyal *-products. Another difference is that since a function C =Â * B is a function of the noncommutative parameter θ and since an NC gauge fieldÂ µ can always be written as a gauge transformation of another gauge fieldÂ ′ µ , the NC gauge field in general depends on θ, and hence we can have a series expansion ofÂ µ in orders of θ. The only known way we can work out the explicit forms ofÂ µ at each order of θ is through the amazing prescription given by Seiberg and Witten [1] and it is called Seiberg-Witten map.
The basic idea is to write the gauge fieldÃ in an NC theory with NC parameter θ + δθ in terms of the gauge fieldÂ in the theory with NC parameter θ in a way that preserves the gauge equivalence relation:Ã (Â +δλÂ) =Ã(Â) +δλÃ(Â).
IfÃ =Â +Â 1 andλ =λ +λ 1 , to first order in δθ, then the above gauge equivalence relation gives the first order equation
where {} * denotes the anti-commutator. Since the equation (4) involves two unknownsÂ 1 andλ 1 , the solution in general is not unique and there are ambiguities in the mapÃ =Ã(Â) andλ =λ(λ) [2] . In particular, the solution to (4) is given bŷ
where the terms involving the arbitrary constants α and β are the solutions to the homogeneous part of the equation (4) . In addition to these ambiguities, there are further ambiguities in the map which depend on the paths taken in the θ space to go from one θ-value to another [2] . But these ambiguities can be removed by a combination of gauge transformations, and field redefinitions that would change the functional form of the action [2] . Although the original prescription by SW holds only forÛ(N) theories, by allowing the gauge fields and the gauge parameters to be enveloping algebra-valued, we can construct the analogue of SW-map for arbitrary non-Abelian gauge theories [28] .
In the presence of matter fields, we have the following gauge equivalence condition for the matter fields [28] :ψ (ψ +δλψ,Â +δλÂ) =ψ(ψ,Â) +δλψ(ψ,Â).
Ifψ =ψ +ψ 1 , then for the matter field in the fundamental representation of the gauge group, the above relation in the first order in δθ can be written aŝ
and the solution to (8) is given by [27] 
Although the above solution is like a gauge transformation, it turns out that the ambiguity due to the non-equivalence of two paths in the θ-space are not completely removed in this case since it involves a gauge parameter different from the one required to remove the ambiguity inÂ 1 due to the non-equivalence of the paths [27] . It was also shown in [16] that the ambiguity in the SW-map could cause a physical effect in the context of emergent gravity giving rise to a different geometry when compared with the geometry in the absence of ambiguity.
In the next Section, we show that if we relax the condition that NC gauge fields depend only on ordinary gauge fields and their derivatives, then the gauge equivalence condition can lead to further ambiguities in the SW-map which are different from the above ambiguities. They arise in the presence of matter fields.
More Ambiguities in the presence of Matter fields
In finding the solution to (4), Seiberg and Witten consideredλ as a function ofλ andÂ, and A as a function ofÂ. The dimensional constraints that δθ has power-counting dimension −2 andÂ and ∂/∂x have dimension one leads to an expansion ofÃ in powers ofÂ, ∂/∂x and δθ.
If we depart from the idea thatÃ depends only onÂ and its derivatives, and consider only the gauge equivalence and the dimensional aspects, then the homogeneous part
of the equation (4) can lead to further ambiguities which involve the matter fields. If we are to allowÃ to be a function of matter fieldψ as well asÂ, then the Eqn. (10) takes the form
The n th -order counterpart of the above homogeneous equation iŝ
Scalar Field
In the case of bosonic fields, the fields have power-counting dimension one and it is possible to makeÃ to beψ-dependent without violating the gauge-equivalence condition. We do not consider the fermionic case in this paper except noting that the fermionic matter fields have dimension 3/2 in 4-d and so it is not possible to constructÂ 1 with onlyÂ andψ and their derivatives at the first order in θ. In particular, we consider the case of scalar fields coupled toÛ (1) gauge field.
Adjoint Representation
For a real scalar fieldφ in the adjoint representation of the gauge group, the covariant derivative is defined byD
The field and its covariant derivative transform under a gauge transformation aŝ
IfĜ (n)
1 is any polynomial function ofφ,D µφ ,D µDνφ . . ., then under a gauge transformation
which implies that the solution to Eqn.(12) can be written aŝ
In particular, the solution to the first order equation (11) becomeŝ
where η is an arbitrary complex constant and η † is its complex conjugate. Note that we have denoted the solution (17) with the superscript in parentheses to distinguish it from (5).
As a result of (16), the higher order terms inλ andφ can have terms nonlinear inφ and therefore even the "free field part"of the NC action for matter field can involve highly non-trivial self-interaction terms, after SW-mapping is done.
Fundamental Representation
In the fundamental representation, a complex scalar field transforms aŝ
and the covariant derivativeD µφ = ∂ µφ − iÂ µ * φ. The solution to Eqn.(11) can then be written asÂ
where ζ is an arbitrary complex constant. In general we can construct the solution to the n th -order equation (12) in the following way. LetÊ i be the i th element in the set {φ,D µφ ,D µDνφ . . .} andÊ † j be j th element in the set
that depends on the star productÊ i * Ê † j of pair of elements -one from each set. Then the gauge transformation of such a polynomial function becomeŝ
and the solution to Eqn. (12) in this case can be written aŝ
Implications to Emergent Gravity
To analyze the implications of the above ambiguities, we take the case of mapping between U(1) gauge fields in the ordinary and noncommutative theories and especially consider the real scalar field in the adjoint representation. In this case, the Eqn. (17) becomes
where γ is some real constant. The effect of the ambiguities as in (5) and (9) in the context of emergent gravity was analyzed in [16] , and it was shown that if the ambiguity terms are included, then a real NC scalar field is mapped to an ordinary scalar density field and that the ordinary scalar density field needs to be coupled non-minimally to the gravitational background induced by ordinary gauge fields. We briefly review a few ideas of [16] as they are needed for further treatment of the problem. Consider the action for a real NC scalar fieldφ in the adjoint representation in NC Minkowski spacetime:Ŝφ
where the covariant derivativeD µ is defined as in (13). If we don't include (22) , then maps between NC fields and ordinary fields can be written aŝ
where θF = θ αβ F αβ . Upon substituting the above relations, the action (23), to first order in θ takes the form [16] 
This action is compared with the one for a scalar density field φ with weight −ω, the weight of √ −g being −1. This field is taken to be without self-interactions in a weak gravitational background and coupled non-minimally to the curvature scalar.
where ξ is the coupling constant and ∇ µ φ = ∂ µ + ωΓ ν µν φ is the covariant derivative of the scalar density of weight −ω. In the linearized limit, the metric g µν = η µν + h µν + η µν h, where h µν is traceless, and the above action becomes [16] 
Comparing (28) with (26), we get
(1 + 4ω)h = 2αθF ,
From (30) and (31), it is clear that if α = 0 and h = 0, then ξ = 0 and ω is arbitrary. If α = 0 and h = 0, then ω = −1/4 and ξ becomes arbitrary, but ξ = −1/6 is not a consistent solution. If α = 0, then h = 0 and ω = −1/4, and in this case, ξ can be worked out to be
Therefore, the ambiguity term in (24) forces us to consider non-minimal coupling, and the conformal coupling is strictly not allowed.
If we include the novel ambiguity (22) , then it turns out that this ambiguity term contributes to the action for the scalar field only through the action for the pure NC gauge fields. The action for the NCÛ (1) gauge theory in the NC Minkowski space is given bŷ
To first order in θ, we writeF = F + F 1 + F (1) , where F + F 1 is constructed from (24) , and F (1) is the term that involves φ due to (22) and it is worked out to be
Then the part of the action (33) that involves φ can be shown to be equal to
Adding (26) and (35), the total action for the scalar field becomeŝ
Comparing (36) with (28), we get
We can rewrite (38) and (39) as
The novel ambiguity does not affect h µν , but the trace h and the non-minimal coupling are changed. In particular, when γ = −1/12, we get the conformal coupling and when γ is zero we get back Eqn.(32). Also, (38) and (39) imply that if ω = −1/4 and α = 0, then h = 0 and in this case the conformal coupling ξ = 2γ.
If ω = −1/4, then we have α = 0. But ξ becomes arbitrary in this case. We can infer from (39) that in this case also, the conformal coupling is a consistent solution and for this coupling γ takes the fixed value −1/12, but then h cannot be defined. If ξ = −1/6 then h is the same as in (40).
Concluding Remarks
We considered the noncommutative (NC) scalar fields coupled toÛ (1) gauge fields. The ambiguities presented in this paper are the solutions to the homogeneous equation (12) of Seiberg-Witten gauge equivalence relation for the gauge fields, which can involve the matter fields in the presence of matter fields. The scalar fields appear in the ambiguities (17) and (19) non-linearly already at the level of first order itself. In the higher order of NC parameter, after Seiberg-Witten-mapping is done, the part of the total NC action that involves the scalar field will have terms with highly non-trivial self-interaction terms, even if NC scalar field does not have any direct self-interaction term before mapping.
On the emergent gravity side, the inclusion of these novel ambiguities does not affect the emergent gravity phenomenon and we have shown at the leading order in the NC parameter θ, that the NC scalar field theory coupled toÛ (1) gauge field, after the SW-map is applied, leads to a theory of ordinary scalar density field that is coupled non-minimally to the emerging gravitational field. We have also shown that the theory allows room for conformal coupling which is strictly not allowed if we consider only the already known ambiguity in the map. In this way, the theory is also in conformity with other metric theories of gravity where the Einstein equivalence principle imply that the non-minimal coupling of scalar field of nongravitational origin has conformal coupling to gravity [21, 22, 23, 24, 25, 26] . Since the conformal coupling is possible only for the potentials V (φ) = 0 or λφ 4 , it remains to be seen whether this coupling survives in the higher order of θ.
